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Abstract:
Accurate characterization of hydraulic conductivity is essential for understanding coupled
heat and water transport during soil freezing and thawing. However, conventional models
can produce a nonphysical conductivity cutoff under strong supercooling because they
oversimplify film driven transport. Here, an existing combined capillary-film framework
is extended by deriving a physically based expression for film flow conductivity. Using
established film-thickness relationships to define the geometry, classical lubrication theory
is applied to quantify flow velocity and hydraulic conductivity within thin adsorbed
water films. Integrating this lubrication based expression with the capillary flow equation
yields a continuous hydraulic conductivity model without an artificial dry-end cutoff.
Validation against diverse unfrozen and frozen soil datasets shows that the model performs
consistently across the full moisture range and avoids the dry-end failure of the Campbell
and van Genuchten models. Parameter sensitivity analyses further clarify how film flow
responds to particle radius and porosity. Smaller particles provide greater specific surface
area to sustain film flow at low water contents, whereas lower porosity delays the transition
from capillary dominated to film dominated transport. The model therefore provides a
physically interpretable basis for representing continuous unfrozen-water migration in
frozen soils.

1. Introduction
Unfrozen water migration during freezing and thawing is

a key process governing coupled heat and water transport and
associated geotechnical hazards, including frost heave, in cold
regions (Taber, 1930; Chen et al., 2023). The magnitude and
rate of this redistribution are strongly controlled by the hy-
draulic conductivity of frozen soil (Watanabe and Flury, 2008).
As subzero temperatures decrease, the progressive formation
of pore ice severely occludes macroscopic capillary channels,

forcing liquid water to migrate through highly restricted,
microscopic pathways (Tokunaga, 2009; Lebeau and Kon-
rad, 2010; Ming et al., 2022). Accurately characterizing the
evolution of hydraulic conductivity under subzero conditions
remains challenging (Ireson et al., 2013; Painter et al., 2013;
Walvoord and Kurylyk, 2016). A physically based model of
unfrozen water conductivity is therefore needed to improve
cryohydrological simulations and assessments of engineer-
ing risk in permafrost environments (Kurylyk et al., 2014;
Lamontagne-Hallé et al., 2020).
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Moisture migration in frozen soils is commonly described
using Darcy’s law, which requires an accurate hydraulic con-
ductivity function. Historically, various empirical and semi-
empirical models have been proposed to characterize this pa-
rameter as a function of temperature or unfrozen water content
(Campbell, 1974; van Genuchten, 1980; Jin et al., 2019). How-
ever, many empirical models become numerically unstable or
predict an abrupt cutoff to zero conductivity when soil is
strongly supercooled and capillary pathways are occluded by
ice (Zhang et al., 2021; Li et al., 2024). While alternative
approaches integrating the soil freezing characteristic curve
with particle gradation provide a more structured framework
(Azmatch et al., 2012; Wang and Vanapalli, 2025), their fitted
parameters often lack clear physical interpretations of pore
scale water transport.

Although the conceptual distinction between capillary and
film water is now widely recognized in soil physics (Toku-
naga, 2009; Ming et al., 2022), a critical deficiency in current
dual-mechanism frameworks is the lack of a rigorous, physi-
cally derived mathematical model for the film flow component
itself. When macroscopic capillary flow becomes negligible,
existing models predominantly rely on highly simplified or
purely empirical functions to represent film conductivity (Tang
et al., 2019; Ming et al., 2022). These models do not explicitly
resolve the viscous hydrodynamics of thin adsorbed layers
described by lubrication theory. This missing hydrodynamic
basis can cause systematic underestimation and nonphysical
cutoffs of hydraulic conductivity in deeply frozen soils.

Considerable progress has been made in elucidating the
thermodynamic mechanisms governing unfrozen water content
and equilibrium film thickness (Dash et al., 2006; Hansen-
Goos and Wettlaufer, 2010). However, translating these equi-
librium geometric properties into dynamic flow parameters
remains difficult. Current macroscopic models often bypass the
fluid mechanics of these liquid-like layers and use empirical
approximations that do not explicitly represent viscous resis-
tance near particle surfaces (Golparvar et al., 2018; Zhao et
al., 2023; Zhou et al., 2023). Bridging this gap requires mov-
ing beyond thermodynamics to explicitly integrate classical
lubrication theory, which can rigorously quantify the velocity
profile and shear stress within these tightly adsorbed films
(Wan and Tokunaga, 1997). Resolving this hydrodynamic link
is important under strong supercooling, when capillary path-
ways become disconnected and film flow becomes increasingly
important (Saruya et al., 2014; Lan et al., 2025).

Rather than redefining the capillary-film framework, this
study derives its film flow conductivity term from lubrication
theory and Newton’s law of viscosity. Using established film
thickness relationships as the geometric basis, lubrication
theory is applied to quantify velocity profiles and the resulting
film permeability. The combined model is evaluated against
diverse soil datasets and compared with classical empirical
models. The effects of particle radius and porosity on the
partitioning between capillary and film transport are also
examined.

2. Mathematical model construction
Representing water transport across the full moisture range

in frozen soils requires distinct descriptions of liquid flow
at different scales. Macroscopic flow is primarily governed
by capillary forces within the pore space, whereas at higher
degrees of supercooling, water migration is restricted to thin,
adsorbed films covering soil particles. This transition resem-
bles the hydraulic behavior of very dry unfrozen soils. In both
cases, the connected capillary water phase becomes limited, ei-
ther because water content decreases during drying or because
pore ice occupies part of the pore space during freezing. The
remaining liquid water is then mainly retained as adsorbed
films on particle surfaces, so film flow becomes increasingly
important for maintaining a nonzero hydraulic conductivity.
In this study, a combined capillary-film scheme is adopted to
integrate these two flow regimes into a unified mathematical
framework. The following sections describe the selection of
the capillary model and the hydrodynamic derivation of the
film flow component, which together form the basis for a
continuous hydraulic conductivity function.

When the unfrozen water content is relatively high, mois-
ture migration is predominantly governed by capillary forces
within the macroscopic pore network. In this wet regime,
hydraulic conductivity decreases nonlinearly as liquid satu-
ration declines. Following the classical pore size distribution
model of Campbell (1974), capillary hydraulic conductivity is
expressed as (Wang et al., 2016):

Kc = KsSl
c

1−

(
1−S1/m

1−S1/m
r

)1−1/n
2

(1)

The unsaturated hydraulic conductivity, Kc, is defined as a
function of the saturated hydraulic conductivity, Ks, and the
effective saturation, Sc, as expressed in the following equation.
In this equation, l represents the pore-connectivity parameter,
while m and n denote empirical shape parameters related to the
pore-size distribution, typically constrained by m = 1− 1/n.
The terms S and Sr correspond to the degree of saturation
and the residual saturation, respectively. Here, the degree of
saturation S is defined as the ratio of the unfrozen water
content θ to the saturated volumetric water content θs. It
should be noted that in a fully saturated soil matrix prior to
freezing, θs is physically equivalent to the initial soil porosity
φ .

Calculating film flow conductivity first requires a rela-
tionship between film water thickness and capillary potential.
In partially saturated porous media, film thickness can be
estimated by normalizing volumetric water content by specific
surface area. This approximation is most applicable at low
water contents, where adsorption is the dominant retention
mechanism.

Wan and Tokunaga (1997) estimated the hydraulic proper-
ties of unsaturated porous media by considering how surface
tension and particle diameter affect surface water films. The
expression is as follows:
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Fig. 1. Schematic of water film flow around a soil particle
under a temperature gradient.
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Fig. 2. Force balance of an infinitesimal element in water film
flow.
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The equation for the film dynamics under electrostatic
influence is derived from the theoretical framework of Rempel
et al. (2004) and its application to freezing porous media
(Wettlaufer, 1999). The parameter χ is determined based on
the electrochemical and interfacial properties of the system,
where ε and ε0 represent the relative permittivity and the
vacuum permittivity, respectively. The term kB denotes the
Boltzmann constant, Tm is the absolute melting temperature,
z is the ion valence, and e represents the elementary charge.
Additionally, σsl signifies the solid-liquid interfacial tension,
R is the characteristic pore radius, and f (S) is a function of
the degree of saturation.

Film flow is treated as one-dimensional and vertical, and
the film thickness at the warm end is denoted by f . Under a
supercooling of ∆T , the film water migrates toward the cold
end. The physical configuration of water film flow around a
soil particle is shown in Fig. 1. By establishing a conserva-
tion equation using a simplified micro-unit model, a velocity
equation can be derived for solving the flow dynamics.

The force balance of an infinitesimal element in the water
film is shown in Fig. 2. The pressure exerted on the liquid
surface of this element is then analyzed along the x-coordinate.

Along the x-coordinate, the pressures on the left and right
faces are p+(∂ p/∂x)dx and p. The shear stresses on the upper
and lower surfaces are given by τ and τ +(∂τ/∂y)dy.

y

x
v (Relative motion velocity)

Ice

Water film

Soil particle

Fig. 3. Lubrication theory schematic for relative motion be-
tween two parallel plates.

The force balance along the x-coordinate is:

pdydz+ τdxdz =
(

p+
∂ p
∂x

dx
)

dydz+
(

τ +
∂τ

∂y
dy
)

dxdz (3)

Applying the Navier-Stokes equations to this thin film
geometry gives:

∂ p
∂x

=
∂τ

∂y
(4)

The above equations indicate that the pressure gradient in
the x direction is balanced by the gradient of shear stress in
the y direction within the water film. For a Newtonian fluid,
shear stress is:

τ =−µ
∂u
∂y

(5)

Substituting the constitutive relationship of shear stress into
the momentum balance yields the governing equation for the
local velocity field:

∂τ

∂y
=−µ

∂ 2u
∂y2 (6)

Integrating Eq. (6) once with respect to y gives the shear
rate distribution:

∂u
∂y

=
1
µ

∂ p
∂x

y+C1 (7)

A second integration gives the velocity profile in the water
film:

u(y) =
1

2µ

∂ p
∂x

y2 +C1y+C2 (8)

where C1 and C2 are integration constants. For a water film
with thickness f , the lower boundary is fixed and the upper
boundary moves with a relative velocity v. Under the no slip
condition, the boundary conditions are: u(0) = 0, u( f ) = v.
The simplified lubrication geometry used to determine the
boundary conditions is shown in Fig. 3.

Substituting these boundary conditions into Eq. (8), the
velocity distribution in the water film can be obtained as:

u(y) =
v
f

y+
1

2µ

∂ p
∂x

(
y2 − f y

)
(9)
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The average velocity of film water is then obtained by
integrating the velocity distribution across the film thickness:

ū =
1
f

∫ f

0
u(y)dy =

v
2
− f 2

12µ

∂ p
∂x

(10)

In Eq. (10), the first term represents the contribution
induced by the relative motion of the upper boundary, whereas
the second term represents the pressure driven flow within
the water film. For the basic frozen soil formulation, pore ice
and soil particles are treated as a relatively stationary solid
framework. Under this condition, the macroscopic relative
velocity at the ice water interface is taken as v = 0, and the
Couette flow contribution in Eq. (10) vanishes.

This assumption is most applicable when the liquid film
is mainly driven by the pressure gradient and the ice particle
framework remains stable. If interfacial slip or relative motion
occurs, the first term in Eq. (10) should be retained or modified
by introducing a slip velocity or slip length. Such a correction
may change the magnitude of the film hydraulic conductivity,
especially when the interfacial velocity is comparable to the
pressure driven film velocity, but it does not change the
pressure driven lubrication term derived here. Therefore, the
v = 0 formulation is used as a baseline case for frozen soils
with a relatively stable ice particle framework. Under this
assumption, Eq. (10) reduces to:

ū =− f 2

12µ

∂ p
∂x

(11)

Multiplying the average film velocity by the effective cross
sectional area occupied by film water gives the film flow rate:

Q f =−(1−Sc)A f
f 3

12µ

∂ p
∂x

(12)

where Q f is the film flow rate, Sc is the capillary saturation
contribution, and A f is the effective cross sectional area factor
of film water. Here, A f represents the fraction of the nominal
pore cross section that can actually contribute to connected
film flow. It accounts for the reduction in flow area caused
by incomplete film coverage, disconnected adsorbed water,
and the tortuous geometry of film pathways. Therefore, the
effects commonly described by film connectivity and tortuosity
factors are included in A f in an effective form rather than
introduced as separate empirical parameters.

Physically, A f is dimensionless and should be constrained
within (0 < A f ≤ 1). A value close to 1 indicates that the
adsorbed film remains relatively continuous along the solid
surface, whereas a smaller value represents stronger film
disconnection or a more restricted flow path. In the absence
of direct pore scale measurements, A f can be determined by
fitting the low water content portion of the hydraulic conduc-
tivity curve, where film flow becomes the dominant transport
mechanism. During fitting, A f was constrained within its
physical range to avoid an unconstrained empirical adjustment:

K f = (1−Sc)A f
f 3

12µ
(13)

According to Eq. (13), A f affects K f linearly. Therefore,
increasing or decreasing A f changes the magnitude of the film

flow contribution in the same proportion, while it does not
change the cubic dependence of K f on film thickness f or
the pressure driven lubrication mechanism. In this sense, the
sensitivity of K f to A f is straightforward and mainly controls
the amplitude of film conductivity rather than the form of the
derived film flow relation.

The total hydraulic conductivity is then obtained by adding
the capillary flow contribution and the film flow contribution:

Kt(θ) = Kc(θ)+K f (θ) (14)
where Kt denotes the total hydraulic conductivity, and the
subscript t represents total. In this formulation, f is used
consistently to denote the local water film thickness. The
subscript f is used only for quantities associated with film
flow, such as Q f and K f , and is not used as a thickness
variable. Therefore, the final expression links the film flow
contribution directly to water film thickness, water viscosity,
effective flow area, and the pressure gradient.

In the combined capillary-film formulation, θr is used
to describe the water content level at which the dominant
transport mechanism changes from capillary flow to film flow.
It is not introduced as an artificial cutoff value. Instead, it
marks the transition range where the capillary contribution
rapidly decreases and the film flow contribution becomes
increasingly important. In this study, θr is determined from the
water retention parameters used in the capillary conductivity
function and is further checked by comparing the relative
magnitudes of Kc and K f . When K f becomes comparable
to or greater than Kc, the model enters the film dominated
regime. Therefore, θr should be understood as a physically
based transition indicator rather than a numerical switch.

3. Model validation and discussion
Model performance was assessed using soil hydraulic

datasets that extend to very low water contents. Sixteen
datasets spanning sand, loamy sand, sandy loam, loam, sandy
clay, and clay were selected. Soils 1-12 corresponded to those
used by Lebeau and Konrad (2010) and were documented
in several earlier studies (Pachepsky et al., 1984; Mehta et
al., 1994; Nemes et al., 2001; Fujimaki and Inoue, 2003).
Additionally, four clay-rich soil samples were extracted from
the UNSODA database (Becher, 1971) to assess the model
behavior under fine-textured soil scenarios. The validation
results for the 16 soil datasets are shown in Fig. 4. Validation
parameters were obtained from Wang et al. (2016).

Across the 16 soils, the model captured texture dependent
hydraulic behavior, including the sustained conductivity tail
in fine grained soils. Root mean square error (RMSE) and
the coefficient of determination (R2) were used to evaluate all
validation datasets. Their definitions are given in Eqs. (15) and
(16), and the statistical results are summarized in Table 1.

RMSE =

√
1
n

n

∑
i=1

(yi − ŷi)2 (15)
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Fig. 4. Model validation of the proposed hydraulic conductivity model against measured data for 16 soils. (a) Masa loamy
sand, (b) Adelanto loam, (c) Pachapa loam, (d) Sandy loam, (e) Gilat loam, (f) Poederlee loamy sand, (g) Shonai sand, (h)
Berlin medium sand, (i) Poederlee sand, (j) Hupsel sand, (k) Rehevot sand, (l) Pachapa fine sandy clay, (m) Seelow clay 1,
(n) Seelow clay 2, (o) Hollern clay 1 and (p) Hollern clay 2.

R2 = 1−

n
∑

i=1
(yi − ŷi)

2

n
∑

i=1
(yi − ȳi)2

(16)

where yi is the measured hydraulic conductivity; ŷi is the
predicted hydraulic conductivity; ȳi is the mean value of the
measured hydraulic conductivity; and n is the number of data
points.

To further examine the applicability of the proposed model
to freezing soils, an additional validation was performed using
the frozen soil hydraulic conductivity data reported by Ming
et al. (2020). The dataset includes five frozen soils and covers
a wide range of hydraulic conductivity, from approximately
10−12 to 10−6 cm/s. In this validation, unfrozen water content

was used as the state variable, and the proposed capillary
and film flow model was fitted to the measured hydraulic
conductivity data without imposing an artificial cutoff at low
unfrozen water content.

Fig. 5 shows that the proposed model reproduces the
measured hydraulic conductivity of five frozen soils across
several orders of magnitude. This agreement supports the
applicability of the model to frozen soil conditions. Together
with the validation against 16 unfrozen soil datasets, where R²
ranges from 0.76 to 0.88, this frozen soil validation shows that
the proposed film flow formulation improves the continuity of
hydraulic conductivity prediction over both low water content
and freezing conditions. However, this validation should be
interpreted within the range of unfrozen water content and
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Table 1. Statistical performance of the proposed model.

Soil type RMSE R2

Masa loamy sand 0.3182 0.82

Adelanto loam 0.3740 0.84

Pachapa loam 0.3377 0.82

Sandy loam 0.2340 0.85

Gilat loam 0.1522 0.88

Poederlee loamy sand 0.2060 0.86

Shonai sand 0.7731 0.76

Berlin medium sand 0.2417 0.84

Poederlee sand 0.1794 0.86

Hupsel sand 0.5511 0.78

Rehevot sand 0.4387 0.79

Pachapa fine sandy clay 0.2119 0.88

Seelow clay 1 0.2169 0.86

Seelow clay 2 0.2066 0.86

Hollern clay 1 0.3154 0.82

Hollern clay 2 0.2477 0.87

Table 2. Parameters used in the VG and Campbell models.

Parameter Gilat loam Hollern clay 2

α 0.023 0.3740

m 0.2668 0.1868

b 1.58 0.84

hydraulic conductivity covered by the Ming et al. (2020)
dataset, and further tests are still needed for soils with
extremely high ice content, strong cryosuction gradients, or
discontinuous film water pathways.

One sandy soil and one clayey soil were selected to
compare the proposed model with the Campbell and van
Genuchten (VG) models. Parameters for the VG and Campbell
models were calibrated within the ranges reported by Chen et
al. (2021) and are summarized in Table 2.

The comparison among the proposed model, the Campbell
model, and the VG model is shown in Fig. 6. For the
sandy soil, the VG and proposed models agreed with the
measurements across the full water content range, whereas the
Campbell model showed larger deviations. For the clayey soil,
both classical models underestimated hydraulic conductivity at
low water contents because they did not fully represent film
flow.

The simple power-law Campbell model showed limited
agreement for both sandy and clayey soils. The VG model
performed better for sandy soil but underestimated hydraulic
conductivity in the film-dominated range of the clayey soil. In
contrast, the proposed model shows better agreement with the
measured data in both soil types.

It should be noted that the present formulation differs from
the Lebeau and Konrad type capillary-film framework mainly
in the treatment of the film flow term. The capillary-film
partitioning concept is retained, but the film conductivity is not
prescribed only through a macroscopic empirical correction.
Instead, the film flow contribution is derived from the lubri-
cation based velocity profile and is explicitly related to film
thickness, water viscosity, effective flow area, and pressure
gradient. Therefore, the comparison is not intended to replace
the capillary film concept, but to show that the derived film
flow term gives a clearer hydrodynamic basis for the low water
content conductivity tail.

Four representative soils were selected to illustrate flow
partitioning within the combined capillary-film model: Hupsel
sand, Masa loamy sand, Gilat loam, and Hollern clay 2. Here,
the film flow contribution ratio η is defined as the percentage
of total hydraulic conductivity contributed by the film flow
component: η =

[
K f /(Kc +K f )

]
× 100%. A value of η → 0

indicates capillary-dominated transport, while η → 100% cor-
responds to pure film flow. As illustrated in the contribution
profiles, the transition between capillary and film flow varies
with soil texture, specifically the pore-size distribution and
the calculated residual water content. In coarse- and medium-
grained soils (e.g., Hupsel sand, Masa loamy sand, and Gilat
loam), the change in dominant mechanism occurs gradually.
The red dashed lines in Fig. 7 represent the theoretically
calculated residual water content (θr) values for each soil,
which mark the onset of film-flow dominance.

The transition range is not identical for all soils because
θr is controlled by the pore size distribution and the amount
of water retained as adsorbed films. In coarse and medium
textured soils, such as Hupsel sand, Masa loamy sand, and
Gilat loam, the capillary network loses connectivity gradually,
so capillary flow and film flow coexist over a relatively broad
water content interval before film flow becomes dominant.
In contrast, the fine textured Hollern clay 2 shows a sharper
transition near the calculated θr, reflecting its larger specific
surface area and more concentrated micropore structure. This
soil dependent transition allows the model to avoid a fixed
dry-end cutoff and permits the dominant transport mechanism
to shift according to soil texture.

4. Sensitivity analysis of soil structural
parameters

The validation results support the performance of the
continuous capillary-film model. However, the actual physical
process is controlled by the microscopic structure of the soil.
To better understand water migration in freezing soils, this
section presents a parameter sensitivity analysis focusing on
two key variables: The equivalent particle radius (r) and the
initial soil porosity (φ ). In the proposed model, these param-
eters determine the specific surface area and the total pore
space, respectively. By varying these parameters, this analysis
aims to quantitatively evaluate how different soil textures and
the continuous growth of pore ice (which effectively reduces
porosity) influence the shift between capillary flow and film
flow. The analysis examines the physical consistency of the
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Fig. 5. Model validation against frozen soil experimental data from Ming et al. (2020). (a) Silt 1, (b) Clayey silt, (c) Silt 2,
(d) Silt 3, (e) Silty clay and (f) comparison between predicted and reference hydraulic conductivity for all frozen soil samples.
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data. (a) Gilat loam and (b) Hollern clay 2.
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Fig. 7. Contribution ratios of capillary flow and film flow to total hydraulic conductivity as a function of volumetric water
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Fig. 8. Sensitivity of hydraulic conductivity and film flow contribution to pore radius. (a) Total hydraulic conductivity versus
water content for varying pore radii and (b) film flow contribution ratio versus water content for varying pore radii.

film flow expression and its implications for water transport
in frozen ground.

The response of total hydraulic conductivity and the film
flow contribution ratio to varying equivalent particle radii
(r) is shown in Fig. 8. As shown in the left panel, the
influence of particle radius is minimal in the wet regime (e.g.,
θ > 0.3), where all conductivity curves converge toward the
capillary baseline. However, in the dry regime, a decrease in
r significantly elevates the total hydraulic conductivity. For
example, decreasing r from 1 to 0.002 mm increases total
conductivity by several orders of magnitude at low water
contents. Correspondingly, the right panel shows that as the
particle size decreases, the S-shaped contribution curve sys-
tematically shifts to the right. This indicates that the transition
from capillary-dominated to film-dominated flow occurs at
much higher water contents for finer particles.

This phenomenon can be physically explained by the geo-
metric relationship between particle size and specific surface
area. The specific surface area of a soil matrix is inversely pro-
portional to its equivalent particle radius. Finer particles, such

as those in clay matrices (r = 0.002 mm), have a substantially
larger specific surface area than coarse sand. According to the
explicitly derived film flow equation, a larger specific surface
area provides more surface area for water adsorption, which
directly increases the baseline capacity of film conductivity.
Consequently, as the capillary network desaturates or freezes,
the robust film transport in fine-grained soils can overtake the
rapidly decaying capillary flow much earlier. This mechanism
explains why the film flow contribution reaches 100% at higher
moisture levels in soils with smaller particle radii.

The effect of soil porosity on total hydraulic conductivity
and flow partitioning is shown in Fig. 9. As shown in the
left panel, for any given unfrozen water content (θ ), a lower
porosity (e.g., φ = 0.35) consistently results in a higher total
hydraulic conductivity compared to a higher porosity (φ =
0.55). The right panel reveals that as porosity decreases, the
contribution curve of film flow systematically shifts to the left.
This indicates that in denser soils, the transition from capillary-
dominated to film-dominated flow is delayed, occurring at a
significantly lower absolute water content.
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Fig. 9. Sensitivity of hydraulic conductivity and film flow contribution to porosity. (a) Total hydraulic conductivity versus water
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This response is governed mainly by the capillary-flow
component, which relies heavily on the effective saturation
(Se = θ/φ ). For a fixed volume of unfrozen water (θ ), a
smaller porosity (φ ), physically representing either a more
compacted soil matrix or pore space occluded by ice, forces
the remaining liquid water into a more concentrated and better-
connected network. Since capillary conductivity (Kc) is a high-
order power function of this effective saturation, maintaining a
higher Se within these restricted microchannels preserves the
hydraulic connectivity of the macroscopic capillary network
longer than in a more porous matrix. Consequently, this
sustained local saturation prolongs the dominance of capillary
transport, shifting the onset of film flow dominance toward
lower water contents in denser or more ice-filled soils.

Temperature also affects the film flow contribution through
both water viscosity and film thickness. According to Eq.
(13), K f is inversely proportional to the dynamic viscosity
µ and proportional to the cubic power of the film thickness
f . Therefore, a decrease in temperature may reduce K f by
increasing water viscosity and thinning the unfrozen water
film. Among these two effects, the change in f is expected
to be more influential because of the cubic dependence in
the film flow expression. This means that temperature does
not act independently from the structural parameters r and
φ . A smaller particle radius can partly sustain film flow
by increasing the available surface area for adsorbed water,
whereas a lower porosity or stronger ice occupation changes
the effective saturation and shifts the capillary-film transition.
Therefore, the temperature sensitivity of frozen soil hydraulic
conductivity should be interpreted together with particle size,
porosity, and the evolution of unfrozen water films.

Simulating coupled heat and water transport in cold re-
gions requires a robust hydraulic conductivity parameteri-
zation. Currently, most large-scale land surface models and
hydrological simulators (e.g., CLM, SHAW, and HYDRUS)
rely on classical Mualem-van Genuchten or Campbell models
to govern liquid water fluxes in freezing soils (Hansson et
al., 2004; Niu and Yang, 2006). However, as demonstrated by
the mechanism partitioning in this study, these classical models

do not explicitly represent film flow. Consequently, under
conditions of high supercooling, the macroscopic capillary
network effectively ruptures, forcing the predicted hydraulic
conductivity to abruptly drop to zero (Painter et al., 2013;
Walvoord and Kurylyk, 2016). This nonphysical cutoff can
cause non-convergence in coupled heat and water calcula-
tions and underestimate persistent winter moisture migration
(Dall’Amico et al., 2011).

The continuous dual-mechanism model proposed in this
study provides a physically based alternative for addressing
these macroscale modeling limitations, which is also consistent
with recent efforts to link pore scale transport mechanisms
with macroscale flow parameterization in complex porous
media (Hussain et al., 2023). By incorporating the derived film
flow equation (K f ∝ θ 3), the model provides a hydrodynamic
baseline that maintains nonzero liquid transport in deeply
frozen soils. From a numerical perspective, the smooth, self-
regulating mathematical transition avoids the artificial dry-end
cutoff and may improve the stability of Richards’ equation
solvers under freezing conditions (Zheng et al., 2021). From
a physical perspective, representing this persistent microscale
liquid flux is important for calculating the advective heat
transport and the latent heat of fusion, which are often the
dominant terms in the soil energy balance during winter
(Zhang et al., 2016; Vereecken et al., 2019).

Furthermore, representing these microstructural controls in
larger scale models may improve predictions of cryospheric
responses. In arid permafrost regions, film driven moisture
migration toward a freezing front can contribute to frost heave
and subsequent thaw settlement (Vitel et al., 2016). By provid-
ing a full-range permeability function that accurately partitions
capillary and film flow based on intrinsic soil properties
(e.g., porosity and specific surface area), large-scale models
may better delineate frost-susceptible zones and predict the
dynamic evolution of winter baseflow under a warming climate
(Lamontagne-Hallé et al., 2018).

The present model is mainly intended for frozen or partially
frozen soils where liquid unfrozen water still forms connected
or partially connected pathways along pore spaces and particle
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surfaces. Several limitations should be noted. First, vapor
flow is not explicitly included in the current formulation.
Under very dry conditions or strong temperature gradients,
vapor migration may contribute to total water transfer and
should be coupled with the liquid flow formulation in future
work. Second, the model assumes that the adsorbed film can
provide an effective connected pathway represented by A f .
When film water becomes highly discontinuous, the actual
film flow may be lower than the prediction of the continuous
film approximation. Third, under extremely high ice content,
pore ice may strongly isolate liquid domains and reduce the
validity of the capillary-film transition assumed in the model.
Therefore, the proposed formulation is most applicable to
frozen or partially frozen soils in which unfrozen water films
remain hydraulically effective, while additional constraints are
needed for conditions dominated by vapor transport, severe
film disconnection, or nearly complete pore ice blockage.

5. Conclusions
This study developed a continuous hydraulic conductivity

model for frozen soils by incorporating a lubrication based film
flow expression into an existing capillary-film framework. The
main contribution is the derivation of film flow conductivity
from thin film hydrodynamics and Newtonian viscous flow,
rather than a redefinition of the capillary-film concept. This
formulation links film conductivity to film thickness, water
viscosity, effective flow area, and pressure gradient, thereby
providing a physical basis for the nonzero hydraulic conduc-
tivity maintained at low unfrozen water contents.

Validation against 16 unfrozen soil datasets showed that the
proposed model captured hydraulic conductivity over a wide
texture range, from sand and loamy sand to clay, with R2

values of 0.76 to 0.88. Additional validation using frozen soil
data from Ming et al. (2020) showed that the model reproduced
measured hydraulic conductivity over approximately 10−12 to
10−6 cm/s without imposing an artificial cutoff. These results
indicate that the derived film flow term improves the continuity
of hydraulic conductivity prediction under both low water
content and freezing conditions.

The sensitivity analysis further showed that particle radius,
porosity, and temperature jointly control the transition between
capillary dominated and film dominated transport. A smaller
particle radius increases the surface area available for adsorbed
films, whereas porosity and ice occupation modify effective
saturation and the capillary-film transition. Temperature affects
the film flow contribution mainly through water viscosity
and unfrozen film thickness, with the latter being especially
important because of the cubic dependence of K f on f .

The proposed model is most applicable to frozen or par-
tially frozen soils where unfrozen water films remain hydrauli-
cally effective. Future work should further test the model under
conditions of high ice content, strong temperature gradients,
vapor transport, and possible film disconnection. Direct pore
scale measurements of film connectivity and unfrozen water
pathways would also help constrain the effective area factor
and improve the physical interpretation of the model parame-
ters.
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